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We describe a new model of deformed relativistic kinematics based on the group manifold
U(1)×SU(2) as a four-momentum space. We discuss the action of the Lorentz group on such
space and and illustrate the deformed composition law for the group-valued momenta. Due
to the geometric structure of the group, the deformed kinematics is governed by two energy
scales λ and κ. A relevant feature of the model is that it exhibits a running spectral dimension
ds with the characteristic short distance reduction to ds = 2 found in most quantum gravity
scenarios.
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2I. INTRODUCTION
Is space-time fundamentally four-dimensional or there exist regimes in which its effective di-
mensionality can change? In the past few years hints in favour of the second scenario have been
accumulating from a variety of approaches to quantum gravity [1–13]. These works have shown
evidence for a reduction of the number of dimensions approaching the Planck scale and, strikingly,
most of them agree on the prediction of an effectively two-dimensional (quantum) spacetime in the
UV. A tool widely used in all these analyses is the spectral dimension, a quantity which captures
the dimensionality of (Euclidean) quantum spacetime as probed by a fictitious diffusion process.
A running spectral dimension at short distances can be modelled via the introduction of UV
corrections to the usual quadratic Laplacian which, in momentum space, reflect a modification
of the energy-momentum dispersion relation [7]. Such modified dispersion relations are in gen-
eral associated to a violation of Lorentz invariance like, for example, in Horava-Lifschitz models
[2] and their close relatives [14]. This is not the only possibility however. Deformed dispersion
relations also appear naturally in theories with “deformed” relativistic kinematics at the Planck
scale. These models were first introduced as a way to modify the algebraic structure of relativistic
symmetries to introduce a fundamental, observer independent, Planckian energy scale [15], and
were later suggested as effectively describing the imprint of the “flat spacetime limit” of quantum
gravity on relativistic kinematics [16, 17]. Their basic features, a non-abelian composition law
for momenta and a non-linear action of boosts saturating at the Planck scale, were inspired by
existing mathematical deformations of the Poincare´ algebra based on the technology of quantum
groups and Hopf algebras [18–20]. It was soon realized that these kinematical properties can be
obtained [21–24] by replacing the usual Minkowski energy-momentum space with a non-abelian
Lie group equipped with a natural action of the Lorentz group. For models based on the so-called
κ-Poincare´ algebra, the momentum space was identified with the Lie group AN(3), a subgroup
of the five dimensional Lorentz group, SO(4, 1). The AN(3) group, as a manifold, is “half” of
four-dimensional de Sitter space whose cosmological constant determines a fundamental Planck-
ian energy scale κ associated to the deformation. On this space there exists a natural action of
the four-dimensional Lorentz group thanks to the Iwasawa decomposition of the five-dimensional
Lorentz group SO(4, 1) ∼ SO(3, 1)AN(3) [25].
Diffusion processes defined on the Euclidean version of the AN(3) group manifold momentum
have been studied in detail and generally exhibit a running of the spectral dimension in the UV
[12]. Such change in dimensionality can lead to various short-distance limits which differ from the
3IR value of 4 and can, in principle, be larger or smaller than 4 depending on the specific choice of
Laplacian. In particular for what concerns the UV value of 2, suggested by most quantum gravity
scenarios, it has been showed that it can be reached only for a fine tuned choice of Laplacian
[27, 29]. This is certainly a drawback if such models are to be understood as possible scenarios for
Planck scale kinematics, effectively modelling quantum gravity effects.
In this letter we introduce a new framework for deformed relativistic kinematics based on a Lie
group momentum space which, among others, has the desirable property of naturally leading to a
dimensional reduction to 2 in the UV, without requiring an ad hoc choice of the Laplacian. Our
model is based on the four-dimensional momentum Lie group U(1)× SU(2) which, as a manifold,
is the cartesian product of a circle times the three-sphere: S1×S3. Motivation for considering such
momentum space comes from the study of particles coupled to Einstein gravity in three spacetime
dimensions. Early analyses on the kinematics of such particles led ’t Hooft, in the mid 90s, to
consider quantization on a S1 × S2 energy-momentum space [30] (see also [31]). Various following
studies, motivated also by the formulation of three-dimensional gravity as a Chern-Simons theory
[32–34], established that the energy-momentum space of gravitating point particles should be taken
to be the Lie group SL(2,R) which, as a manifold, is the three-dimensional anti-de Sitter space
[35]. Such group valued momenta can be obtained by exponentiating ordinary three-momenta using
Newton’s constant G to obtain a dimensionless argument in the exponential. This is achieved via
the vector-space isomorphism R1,2 ' sl(2,R), between three dimensional Minkowski space and
the space of real, traceless, two by two matrices, the vector space of the Lie algebra sl(2,R). An
ordinary particle’s three-momentum can indeed be represented by a matrix
p =
 p2 p1 + p0
p1 − p0 −p2
 (1)
on which Lorentz transformations g ∈ SL(2,R) act via the adjoint action Adg (p) = g p g−1 and
whose determinant provides the invariant mass-shell condition det(p) = (p0)
2− (p1)2− (p2)2 = m2.
According to [34, 35] when the particle is coupled to gravity its momentum will be given by an
element of SL(2,R) obtained by exponentiating (1)
h = e4piGp . (2)
The adjoint action of the Lorentz group on sl(2,R) gets mapped to the action by conjugation of
SL(2,R) on itself [36] and the mass-shell invariant is determined by the trace of the group element
(2). These are the basic ingredients of the deformation of three-dimensional relativistic kinematics
associated with the SL(2,R) momentum group manifold [37].
4The model we propose here, based on the momentum group manifold U(1) × SU(2), can be
seen as a direct four-dimensional generalization of the three-dimensional example above. As in the
three-dimensional case, ordinary four-momenta can be described by complex two by two matrices
via the vector space isomorphism between R1,3 and the Lie algebra u(1)⊕ su(2). On these matrix
four-momenta one has a natural action of the Lorentz group and the determinant again provides
a Lorentz invariant object which one identifies with the mass-shell condition. Introducing two
fundamental energy scales one can exponentiate such Lie algebra elements to obtain group valued
momenta. This is the starting point of our work.
We begin, in the next Section, by describing the basics of the Lie group U(1) × SU(2) as
momentum space introducing two useful parametrizations of its elements. As a next step we
illustrate the action of the Lorentz group, its explicit form for a given group parametrization, and
derive the non-abelian composition of momenta related to the group multiplication. We finally
calculate the spectral dimension associated with the U(1) × SU(2) momentum space and show
that at small diffusion times it flows to 2, a feature found in most approaches to the description of
spacetime at the Planck scale.
II. INTRODUCING THE U(1)× SU(2) MOMENTUM SPACE
We begin with a brief description of the U(1)×SU(2) Lie group as a momentum space starting
from the associated Lie algebra. A basis of the Lie algebra u(1)⊕su(2) is given by the four matrices
Xµ = {i1, iσ1,−iσ2, iσ3}, where σi, i = 1, 2, 3, are the Pauli matrices
σ1 =
0 1
1 0
 , σ2 =
0 −i
i 0
 , σ3 =
1 0
0 −1
 , (3)
and 1 is the identity matrix. The Lie brackets for u(1)⊕ su(2) are given by
[X0, Xi] = 0, [Xi, Xj ] = 2ijkXk, (4)
with 123 = 1 and the matrix form for an element K = kµX
µ ∈ u(1)⊕ su(2) is given by
K = i
 k0 + k3 k1 + ik2
k1 − ik2 k0 − k3
 , (5)
A group element h ∈ U(1)× SU(2) can be obtained by exponentiating the matrix K. Such group
element can be written as h = h1h2, with h1 ∈ U(1) and h2 ∈ SU(2) and the exponential map
5provides a global parametrization of the group given by exponential coordinates kµ which express
h1 ∈ U(1) and h2 ∈ SU(2), respectively, as
h1 = exp
(
k0
λ
X0
)
and h2 = exp
(
ki
κ
Xi
)
. (6)
Notice that we introduced two energy scales λ and κ, in order to have coordinates on the group
manifold with the dimension of energy. The explicit matrix form of the group element in these
coordinates is given by
h = ei
k0
λ
cos |k|κ + i k3|k| sin |k|κ i|k| sin |k|κ (k1 + ik2)
i
|k| sin
|k|
κ (k1 − ik2) cos |k|κ − i k3|k| sin |k|κ
 , (7)
where |k| = √k12 + k22 + k32. As in other models of curved four-momentum space, different sets
of coordinates on the group manifold correspond to different choices of momenta and in general
lead to different kinematics. For example, we can define new momenta pµ associated to embedding
coordinates by introducing the following parametrization of the group elements
h1 = v1+
p0
λ
X0 and h2 = u1+
pi
κ
Xi . (8)
The real parameters v and u are not independent from the momentum variables p0 and pi, re-
spectively, but are subject to unimodular conditions which ensure that h1 ∈ U(1) and h2 ∈ SU(2)
leading to the following relations
(vλ)2 + p0
2 = λ2 (uκ)2 + |p|2 = κ2 . (9)
Notice that these coordinates are not global since different sign choices for v and u cover different
patches of the manifold. For instance, choosing the positive sign for both v and u
v =
√
1− p
2
0
λ2
and u =
√
1− |p|
2
κ2
, (10)
where |p|2 = p12 + p22 + p32, we cover the “upper half” of S1 and S3, respectively. The equations
in (9) describe the manifolds of the two groups U(1) and SU(2) within the embedding space,
respectively a one-sphere and a three-sphere. Notice that the two scales λ and κ determine the
radii of the manifolds S1 and S3.
III. THE ACTION OF LORENTZ GROUP
In order for the coordinates on the group U(1) × SU(2) to have a meaning as actual energies
and momenta we have to specify their relativistic transformations i.e. to define an action of the
6Lorentz group on U(1)×SU(2). To do so let us recall that ordinary relativistic transformations can
be described using a matrix representation of the four-momentum space R1,3 via the isomorphism
of vector spaces with the Lie algebra u(1) ⊕ su(2) given by (5). Such action is based on the
spinorial representation of the Lorentz group generated by the following basis for sl(2,C), {ji, ki} =
{ i2σ1,− i2σ2, i2σ3, 12σ1,−12σ2, 12σ3}. Notice that the determinant of the four-momentum matrix
K = kµX
µ ∈ u(1)⊕ su(2) is det (K) = −k20 +
∑
k2i . The action of g ∈ SL(2,C) on K is defined by
K −→ K ′ = gKg∗, (11)
where g∗ is the conjugate transpose of g. The determinant of K is obviously invariant under the
action of the group element g and indeed det(K) = −k20 +
∑
k2i reproduces the familiar mass-shell
condition if one identifies det(K) with the (minus) mass squared. This description of the action
of the Lorentz group on Minkowski space, suggests a natural definition of Lorentz transformations
on the group manifold U(1)× SU(2) through
h = exp(K) −→ h′ = exp(gKg∗) = exp(K ′). (12)
Choosing a set of coordinates on the group manifold one can write down an explicit form of such
transformation. For example, choosing four-momenta defined by exponential coordinates, a Lorentz
boost in the 1-direction is given by ordinary expression
k′0 = k0 coshβ + k1 sinhβ,
k′1 = k1 coshβ + k0 sinhβ,
k′i = ki i = 2, 3. (13)
The same applies to the mass-shell relation which has the usual form
− k02 + |k|2 +m2 = 0 , (14)
reflecting an undeformed mass Casimir invariant associated to the translation generators of the
associated Poincare´ group.
Notice that choosing a different parametrization of the group, the action of boosts will be in
general non-linear. For momenta defined by the embedding coordinates pµ the counterpart of the
action (13), for example, can be easily derived using the following relations between cartesian and
embedding coordinates
p0 = λ sin
k0
λ
, v = cos
k0
λ
, (15)
7and
pi = κ
sin |k|κ
|k| ki , u = cos
|k|
κ
. (16)
Let us point out that exponential momenta kµ are subject to ordinary relativistic transforma-
tions and thus, via rotations and boost, can assume any real values. In particular energies can be
boosted above the “Planckian” value of 2piλ and the natural question that arises is whether we
should identify boosted energies mod 2piλ. As it can be easily verified, for on-shell momenta such
identification of energies would be unphysical since it would force the new boosted momentum to
a another shell with a different mass.1 Thus if exponential momenta kµ are to be identified with
momenta of physical particles their values under boosts can be arbitrary i.e. the domain of expo-
nential momenta, seen as complex logarithms, is a Riemann surface rather than a principal branch.
This, in principle, is not the case for other choices of coordinates where the non-linear action of
Lorentz transformations can be such that under an infinite boost energy and/or momentum reach
maximum values set by the deformation scales. This can be immediately verified for momenta
defined by cartesian coordinates, where, for example, energies are bounded by the value of λ. Such
behaviour is characteristic of models known as “doubly special relativity” [15, 26]. We postpone
a detailed discussion of such “deformed” non-linear boost transformation and their properties to
an upcoming work. For the moment we should just stress that, as it can be easily checked at
first order in 1/κ and 1/λ, the Lorentz transformations and mass-shell relation for exponential and
cartesian momenta, kµ and pµ, coincide and are just the familiar relativistic ones.
IV. COMPOSITION OF MOMENTA
A peculiar feature of models of deformed kinematics based on a momentum group manifold
is the non-abelian composition of four-momenta inherited from the group multiplication law. As
argued in [38] such composition law reflects the way momenta, seen as quantum numbers, add for
multiparticle states. As for Lorentz transformations and mass Casimir, the explicit form of the
composition law depends on the choice of coordinates for the momentum manifold. Denoting
by pµ(h) the four-momentum coordinates associated to the group element h, the non-abelian
composition law is defined by
pµ(h1)⊕ pµ(h2) ≡ pµ(h1h2) . (17)
1 To see this let us boost along the x-axis a four momentum at rest kµ = (m, 0, 0, 0) to a new four-momentum with
energy 2piλ +  and make the identification 2piλ +  =  = k′0. The new four-momentum will now have a linear
component along the x-direction: k′1 =
√−m2 + (2piλ+ )2 and thus (k′0)2 − (k′1)2 6= m2.
8Let us write down the explicit form of such composition law for cartesian and exponential coordi-
nates. In cartesian coordinates, using the following notation for momenta associated to different
group elements, p1µ = pµ(h1) and p
2
µ = pµ(h2), the composition law is given by
p10 ⊕ p20 = p10
√
1−
(
p20
λ
)2
+ p20
√
1−
(
p10
λ
)2
,
p1i ⊕ p2i = p1i
√
1−
( |p2|
κ
)2
+ p2i
√
1−
( |p1|
κ
)2
+
1
κ
∑
j,k
ijk p
1
jp
2
k . (18)
Notice that, since the U(1) energy component of the group commutes with the SU(2) spatial part,
the composition rule above is “decoupled” in energy and momentum unlike the composition of
four-momenta found in models of κ-deformed kinematics in which, for example, the non-abelian
addition of spatial momenta involves an energy-dependent factor [39]. In exponential coordinates,
with k1µ = kµ(h1) and k
2
µ = kµ(h2), the composition law for the energy-component of momentum
remains undeformed while the one for spatial momenta becomes quite involved:
k10 ⊕ k20 = k10 + k20,
k1i ⊕ k2i =
1
f(k1, k2)
k1i sin |k1|κ|k1| cos |k2|κ + k2i sin
|k2|
κ
|k2| cos
|k1|
κ
+
sin |k
1|
κ
|k1|
sin |k
2|
κ
|k2|
∑
j,k
ijk k
1
jk
2
k
 ,
(19)
where
f(k1, k2) =
[
1−
(
cos |k
1|
κ cos
|k2|
κ −
sin
|k1|
κ
|k1| −
sin
|k2|
κ
|k2|
∑
i k
1
i k
2
i
)2]1/2
κ arccos
(
cos |k
1|
κ cos
|k2|
κ −
sin
|k1|
κ
|k1|
sin
|k2|
κ
|k2|
∑
i
k1i k
2
i
) . (20)
Again an important question to address is whether we should consider the sum of energies in (19)
to be defined mod 2piλ. In the previous Section we have seen that the restriction of exponential
momenta to a branch of the logarithm is unphysical since, for example, a periodic identification of
energies would lead to a jump to another mass-shell at each branch point. Thus at the kinematical
level one should think of the composition of energies in (19) as an addition of complex logarithms
defined on a Riemann surface and thus not to be defined mod 2piλ.
Finally let us notice that the deformed addition rules above are such that in the “flat” limit
λ, κ → ∞ reduce to the usual abelian addition of momenta. It is instructive to write down the
composition law at first order in 1/λ and 1/κ which turns out to have the same form for both
9group parametrization and reads
p10 ⊕ p20 = p10 + p20,
p1i ⊕ p2i = p1i + p2i +
1
κ
ijk p
1
jp
2
k. (21)
As discussed in the previous section, at first order in 1/λ and 1/κ the action of boosts and the
mass-shell condition coincide for exponential and cartesian coordinates. Thus the composition law
(21) together with ordinary mass shell and undeformed boost provide a minimal model of deformed
kinematics in which only the composition law of spatial momenta is affected.
Let us mention that at a mathematical level the non-abelian composition of momenta reflects
a non trivial action of translation generators on tensor product representations (or multiparticle
states) encoded in a non-trivial coproduct (see e.g. [40] for a detailed discussion). To complete the
picture one should also specify the action of Lorentz transformation on such states or, equivalently,
describe how the sum of group valued momenta transforms under boost. The action (12) can be
used to infer the action of the Lorentz group on the sum of group-valued momenta which turns
out to be undeformed. In fact it is immediate to see that for a generic Lorentz transformation
(h1h2)
′ ≡ h′1h′2, i.e. boosting the sum of two momenta h1 and h2 is equivalent to taking the sum
of the boosted individual momenta. This indicates that, in mathematical language, the co-algebra
sector of the Lorentz algebra, in this context, is trivial. This is in analogy with models of three-
dimensional deformed kinematics based on the SL(2,R) momentum space, whose Hopf algebraic
sector is described by the quantum double of SL(2,R) [33, 37].
V. DIMENSIONAL REDUCTION
In the Introduction, we pointed out that models of deformed kinematics based on a non-trivial
geometry of momentum space, generally feature a running spectral dimension ds in the UV. The
specific behaviour of the running dimensionality at short distances is dictated by the geometry of
momentum space, via the integration measure, and, as in models with Lorentz invariance violation,
by the choice of Laplacian and the associated mass Casimir invariant. Here we calculate the
spectral dimension associated to the U(1)×SU(2) momentum space for the most natural choice of
Laplacian, the one associated with the mass-shell relation (14). As we will see the running spectral
dimension will exhibit the characteristic UV-limit reduction to ds = 2 found in most quantum
gravity scenarios.
Let us first recall how the spectral dimension is defined as the effective dimension probed by a
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diffusion process defined on a manifold. The diffusion process can be described by the probability
density ρ(x, x0; s) of reaching a point x from a starting point x0 in a diffusion time s with the
initial condition ρ(x, x0; s) = δ(x− x0). The return probability P (s) is obtained averaging over all
the points in the manifold the probability density of diffusion at x = x0
P (s) =
1
V
∫
ddx ρ(x, x; s) , (22)
To P (s) one can associate the spectral dimension defined as
ds = −2d lnP (s)
d ln s
. (23)
The return probability can be explicitly calculated by solving the heat equation ∂ρ/∂s = ∆ρ for the
probability density ρ, where ∆ is the Laplacian associated to the Euclidean version of the manifold
under consideration. A general solution of the diffusion equation can be written as
ρ(x, x0; s) =
∫
dp0 d
d−1p
(2pi)d
eip(x−x0)e−sC(p), (24)
where C(p) is the momentum space representation of the Laplacian which for Minkowski space
reproduces the Wick-rotated mass-shell condition associated to the mass Casimir of the Poincare´
algebra. We can thus write the return probability P (s) as an integral over momentum space of a
simple function of the momentum space Laplacian C(p) or energy-momentum dispersion relation
P (s) =
∫
dp0 d
d−1p
(2pi)d
e−sC(p). (25)
As discussed in detail in [7], UV-modifications of the energy-momentum dispersion relation, re-
flecting in a deformed momentum space Laplacian C(p), are in general associated with a running
spectral dimension at short distances. In models with broken Lorentz invariance, like e.g. Horava-
Lifschitz gravity, the UV-modified form of C(p) essentially captures all the non-trivial features of
the short distance behaviour of the spectral dimension. The deformed kinematics associated to the
group manifold structure of momentum space introduces an additional feature in (25): the possi-
bility of a non-trivial integration measure in energy-momentum space. Indeed, when the latter is
given by a Lie group the integration must be performed using the Haar measure. Such measure can
be easily written starting from the Lebesgue measure on the emebdding six-dimensional Minkowski
space multiplied by a delta function imposing the manifold constraint. For U(1)×SU(2) the Haar
measure is simply given by the product of the Haar measures on the two groups and, in cartesian
coordinates, is given by
dµh =
1
λκ3
dp0√
1− p02
λ2
d3p√
1− |p|2
κ2
. (26)
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We calculate here the spectral dimension associated to the kinematics described by exponential
coordinates, for which momenta can assume any real value (ordinary boosts) and the energy mo-
mentum dispersion relation (14) is undeformed. The Haar measure for such four-momenta is given
by
dµh =
1
λκ
sin2 |k|κ
|k|2 dk0 d
3k , (27)
and the return probability thus reads
P (s) =
∫
dk0d
3k
(2pi)4 λκ
sin2 |k|κ
|k|2 e
−s(k02+|k|2) , (28)
where we used the Wick-rotated dispersion relation C(k) = k0
2 + |k|2. The integral can be easily
calculated using polar coordinates for the spatial part
P (s) =
∫
dk0dkr
(2pi)3
2
λκ
sin2
kr
κ
e−s(k0
2+kr2), (29)
where kr is the radial component and the momentum components k0, kr ∈ [0,∞). Fixing λ = κ = 1
1 2 3 4 5
s
2.0
2.5
3.0
3.5
4.0
ds
ds
ds = 2
ds = 4
FIG. 1. Spectral dimension for the momentum space U(1)× SU(2) (λ = κ = 1).
we obtain after integration
P (s) =
1− e−1/s
32pi2s
, (30)
and, from the definition (23), we can write the spectral dimension ds as a function of diffusion time
s as
ds = 2 +
2
s(e1/s − 1) . (31)
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In figure 1 we plotted the running spectral dimension. Its long and short-distance limits can be
easily calculated. The infrared limit is lims→∞ ds = 4, as one would expect, while for the short
distance limit gives lims→0 ds = 2, which is the same two-dimensional behaviour found in various
quantum gravity scenarios.
An important point to be stressed is that the Haar measure defined on our four-momentum space
transforms non-trivially under Lorentz boosts. Such lack of Lorentz invariance of the momentum
space measure could be seen as a drawback of the model. However it should be stressed that subtle
deviations from Lorentz invariance are a characteristic feature of deformed kinematics based on
curved momentum space see e.g. [27, 28]. These arise typically from a tension between the action of
Lorentz transformation and the domain over which the momentum coordinates are defined. In our
model the structure of momentum space leads to a natural integration measure which is invariant
only under the restricted set of symmetries encoded by the momentum group manifold. We expect
that a generalization of the model presented here to include spin degrees of freedom in the phase
space would require the adoption of a larger group as momentum space and thus could potentially
offer a way to define a Lorentz invariant measure on the deformed phase space. We will address
this point in future work.
VI. SUMMARY
We introduced the Lie group U(1) × SU(2) as a energy-momentum space and laid down the
basics of a new model for deformed kinematics in four spacetime dimensions. The main motivation
to consider such Lie group as a four-momentum space comes from the analogy with the description
of gravitating point particles in three spacetime dimension. In this context various studies have
shown that group valued momenta replace ordinary three-momentum vectors in the description of
the particles phase space. Such group valued momenta can be seen as the exponentiated version of
ordinary three-momenta represented by two by two, real, traceless matrices. Likewise U(1)×SU(2)-
valued momenta can be obtained by exponentiating ordinary four-momenta written in terms of
two-by-two hermitian matrices. While in the three dimensional case Newton’s constant provides
the mass-scale which governs the geometry of the group in our case we have two, in principle
different, fundamental energy scales associated with the radii of the two groups U(1) and SU(2).
A remarkable feature of the model we described is that it naturally reproduces a spectral
dimensiona running to 2 at short distances, matching the results found in various quantum gravity
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scenarios. Another desirable property of the U(1)× SU(2) momentum space is that it provides a
natural splitting between energy and momentum space reflecting the possibility of a non-abelian
composition of four-momenta which does not mix spatial momenta and energy as in models of
κ-deformed kinematics. At the field theoretic level this natural separation between energy and
momentum will also reflect in a lack of ambiguity in the definition of plane waves. The need to
specify a normal ordering between space and time part of plane waves has indeed been one of the
technical difficulties which limited the development of κ-deformed field theories.
One of the important points we leave for future investigations is the determination of the
Hopf algebraic structures which encodes the non-trivial picture of the Poincare´ group obtained
from adopting U(1)× SU(2) as a relativistic momentum space. On the more physical side it will
be interesting to determine whether for some specific parameterizations of the momentum group
manifold one can obtain non-linear actions of boosts which lead to maximal values of energy and/or
spatial momenta set by the two deformation scales, as is the case of other models of deformed
kinematics based on group valued momenta. We should also point out that, as showed in a series
of works [29, 41, 42], there appears to be an intimate connection between dimensional reduction
to two, a non trivial geometry of energy-momentum space, scale invariance of quantum vacuum
fluctuations and its relevance for the observed spectrum of fluctuations in the cosmic microwave
background radiation. One of the priorities for future work will be a detailed analysis of these
connections in the model presented here.
Finally it should be noticed that, very recently, phase spaces with a compact momentum space
have been shown to arise in loop quantum gravity when a positive cosmological constant is taken
into account [43]. While these results focus on the example of three spacetime dimensions, their
relevance for the four-dimensional case is certainly interesting for the potential link between the
model we presented here and quantum gravity scenarios.
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